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Abstract
A field k of characteristic unequal to 2 is called tractable if for every nonzero ai, bi ∈ k, i = 1,2,3,
whenever the quaternion algebra (ai , bj /k) is split for all i = j and (a1, b1/k) ∼= (a2, b2/k) ∼= (a3, b3/k),
then (ai , bi/k) is split. In the present paper, we study tractability of algebraic function fields in one variable
over global fields and give specific examples of tractable function fields and intractable function fields of
genus one over Q, the rationals.
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1. Introduction
Let k be a field of characteristic different from 2 (throughout the paper). For a, b ∈ k∗ =
k − {0}, let (a, b/k) denote the (generalized) quaternion algebra over k with k-base 1, i, j, ij ,
such that i2 = a, j2 = b, and ij = −ji. We recall the definition of a tractable field.
Definition 1.1. A field k is said to be tractable provided that, for every a1, a2, a3, b1, b2, b3 ∈ k∗,
if (ai, bj /k) is split for all i = j and (a1, b1/k) ∼= (a2, b2/k) ∼= (a3, b3/k), then (ai, bi/k) is
split.
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D := (a1, b1/k) ∼= (a2, b2/k) ∼= (a3, b3/k)
is nonsplit but (ai, aj /k) is split for all i = j , then we call the field k an intractable field and
(D;a1, b1, a2, b2, a3, b3) an intractable family over k. We say that D is an intractable quaternion
algebra over k if D is the quaternion algebra of some intractable family over k. For instance, let
Q̂2 be the field of 2-adic numbers. It is then easy to check that (D;−1,−1,2,−3,−3,2) is an
intractable family over Q̂2 and thus Q̂2 is intractable.
The notion of tractable fields was introduced by M. Chacron, J.-P. Tignol and A.R. Wadsworth
(cf. [CTW]) in connection with Chacron’s work on decomposability of algebras with involution
(cf. [Ch]). They studied tractability for local and global fields and moreover showed that fields
of transcendence degree one over real closed fields and nondyadic local fields are tractable. In
[H1], it was shown that a field k is tractable if and only if every purely transcendental extension
of k is tractable. In addition, the author investigated tractability of algebraic function fields (in
one variable) over global fields with genus zero. In particular, a complete description was given
when the ground field is Q, the rationals, or any global field with no or one ordering. When the
genus is one or higher, the situation becomes quite complicated and no examples of tractable
or intractable function fields of genus one have previously been found. In the present paper,
we study under what circumstances function fields of curves over global fields are tractable or
intractable, and give specific examples of tractable and intractable function fields of genus one
over Q.
2. Preliminary
In this section, we introduce notations and backgrounds needed in later sections, and briefly
review Shafarevich–Tate groups.
Let k be a field (with char(k) = 2) and K be an algebraic function field in one variable over k
(where k is algebraically closed in K). Then K is a function field of some curve C where C is a
geometrically irreducible curve defined over k. Conversely, the function field k(C) of the curve
C is an algebraic function field in one variable over k. Define
P(K/k) = {P | P is a place of K/k}.
For each P ∈ P(K/k), let VP be the discrete valuation ring associated with P and V P its residue
field, which is a finite degree extension of k. We denote by GP the absolute Galois group of V P
and by X(GP ) the continuous character group of GP , that is, X(GP ) = Hom(GP ,Q/Z).
For a field k, let Br(k)′ be the subgroup of Br(k) consisting of all elements of order relatively
prime to p when char(k) = p, and Br(k)′ = Br(k) when char(k) = 0. Then there exists an exact
sequence (cf. [Sa, Theorem 10.3])
0 −→ Br(VP )′ −→ Br(K)′ ram−−→ X(GP )′ −→ 0, (1)
where ram is the ramification map.
Since the map Br(VP ) → Br(K) induced by the inclusion VP ↪→ K is injective, we identify
Br(VP ) with its image in Br(K). Note then that any element in Br(VP ) is unramified in Br(K)
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We define
Brun(K) =
⋂
P∈P(K/k)
Br(VP ),
called the unramified Brauer group of K . Hence, Brun(K) consists of the elements in Br(K)
which are unramified with respect to each P ∈ P(K/k).
Let C be a geometrically irreducible nonsingular projective curve, or simply a curve, defined
over k. Associated to the curve C, we have the sheaf OC of regular functions on C. Then the
Brauer group Br(C) of the curve C (or of the corresponding scheme) is defined in terms of
sheaves of Azumaya algebras over C. It is well known that there is an isomorphism (cf. [Sa,
Proposition 10.5(c)])
Br(C) ∼= Brun(K). (2)
Thus, it will be convenient to write Br(C) for the unramified Brauer group Brun(K).
By using the short exact sequence (1) for each P ∈ P(K/k), we put all the ramification maps
together to obtain the following exact sequence:
0 −→ Br(C)′ −→ Br(K)′ ⊕ram−−−→
⊕
P∈P(K/k)
X(GP )
′, (3)
where ⊕ram in (3) is the sum of the ramification maps. Note that for any [B] ∈ Br(K)′ the class
[B] is unramified for all but finitely many P ∈ P(K/k).
Let k be a global field, that is, k is either an algebraic number field (i.e. a finite extension of Q)
or an algebraic function field in one variable over a finite field. Define
P(k) = {p | p is a prime spot of k}.
For each p ∈ P(k), denote by kˆp the completion of k with respect to p. It should be recalled
that from class field theory there exists an exact sequence (cf. [We, Theorem 2, p. 206, and
Theorem 4])
0 −→ Br(k) i−→
⊕
p∈P(k)
Br(kˆp) inv−→ Q/Z −→ 0, (4)
where the map i combines scalar extension maps Br(k) → Br(kˆp) for p ∈ P(k) and the map
inv is the invariant map, computed locally on each component p, i.e., inv =⊕p invkˆp . The exact
sequence in (4) classifies and describes the central simple algebras over global fields.
Now, let C be a curve over a global field k, and let K = k(C) and kˆp(C) be the function field
of Cp = C ×k kˆp. Consider the map
ϕ
K
: Br(K) −→
∏
Br
(
kˆp(C)
)
. (5)p∈P(k)
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ϕ : Br(C) −→
∏
p∈P(k)
Br(Cp). (6)
Let ϕ′
K
= ϕ
K
|Br(K)′ and likewise let ϕ′ = ϕ|Br(C)′ . Then we have
Proposition 2.1. For the maps ϕ′
K
and ϕ′ as above, ker(ϕ′
K
) ∼= ker(ϕ′).
Proof. According to (3), there exists the following commutative diagram with exact rows:
0 Br(C)′
ϕ′
Br(K)′
ϕ′
K
⊕
P∈P(K/k) X(GP )′ 0
0
∏
p∈P(k) Br(Cp)′
∏
p∈P(k) Br(kˆp(C))′
∏
p∈P(k)
⊕
Q∈P(kˆp(C)/kˆp) X(GQ)
′ 0.
Observe that the right vertical map in the diagram is injective by the Tchebotarev Density
Theorem (cf. [FJ, p. 58]). This implies that ker(ϕ′
K
) ∼= ker(ϕ′). 
Assume now that a curve C has a k-rational point, that is, C(k) = ∅. Then the kernel of ϕ
can be identified with the Shafarevich–Tate group of the Jacobian of C. We briefly review this
well-known fact since the Shafarevich–Tate group plays a very important role later to investigate
tractability of the function fields of curves with k-rational points.
For a global field k, let k be the separable closure of k, and kp the separable closure of
the completion kˆp. Let J and Jp denote the Jacobians of C = C ×k k and of Cp = C ×k kp,
respectively. Let G = Gal(k/k) and Gp = Gal(kp/kˆp) be the absolute Galois groups of k and kˆp,
respectively.
If we denote by Pic(C) the Picard group of C, then the definition of J leads to a G-equivariant
exact sequence:
0 −→ J −→ Pic(C) deg−−→ Z −→ 0, (7)
with trivial G-action on Z. Since the curve C is assumed to have a k-rational point, the prime di-
visor associated to a k-rational point of C has degree one. Thus, the composition of the maps
Pic(C) → Pic(C)G θ−→ Z is surjective, where Pic(C)G denotes the G-invariant subgroup of
Pic(C) and θ is the degree map for Pic(C). This shows that the map θ is surjective as well.
Since further H 1(G,Z) = 0, the long exact cohomology sequence associated to the short exact
sequence (7) gives the isomorphism
H 1(G,J ) ∼= H 1(G,Pic(C)).
The Shafarevich–Tate groupш(J ) of the Jacobian J (or of Pic(C)) is defined as follows:
ш(J ) = ker
(
H 1(G,J )
ψ−→
∏
H 1(Gp, Jp)
)
. (8)p∈P(k)
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Br(k) α−→ Br(C) β−→ H 1(G,Pic(C))−→ H 3(G,k∗).
If C(k) = ∅, then there exists a splitting map
α˜ : Br(C) −→ Br(k)
(coming from specialization at a rational point of C). Hence, the map α is injective. On the other
hand, we assert that the map β is surjective. This is due to the nontrivial fact that H 3(G, k∗) = 0
if k is global, local, or R. (For k global, see [CF, p. 199]; for k local, see [Se, Proposition 8,
p. 196]; for k = R, since G = Gal(C/R) is a cyclic group of order 2, G has periodic cohomology
and so H 3(G,C∗) ∼= H 1(G,C∗) = 0.) This argument is applied not only to the field k but also
to all the kˆp. Hence, one obtains the following commutative diagram with split exact rows:
0 Br(k)
i
α
Br(C)
ϕ
β
H 1(G,Pic(C))
ψ
0
0
∏
p∈P(k) Br(kˆp)
γ ∏
p∈P(k) Br(Cp)
δ ∏
p∈P(k) H 1(Gp,Pic(Cp)) 0.
(9)
If f : ker(ϕ) → ker(ψ) is the map induced by the map β , given the commutativity of the right
square in (9), then f is an isomorphism. To see this, notice that we have
Br(C) = im(α) ⊕ ker(α˜) ∼= Br(k) ⊕ H 1(G,Pic(C)),
and likewise for
∏
p∈P(k) Br(Cp). Furthermore, the splittings are compatible, that is, i ◦ α˜ = γ˜ ◦ϕ
where
γ˜ :
∏
p∈P(k)
Br(Cp) −→
∏
p∈P(k)
Br(kˆp),
and the map i in (9) is injective by the local-global principle (cf. (4)). This shows that
ker(ϕ) ∼= ker(i) ⊕ ker(ψ) ∼= ker(ψ).
Hence, we have
Proposition 2.2. Suppose that C is a geometrically irreducible nonsingular projective curve over
k with C(k) = ∅. If J denotes the Jacobian of C, then there exists an isomorphism
ker
(
Br(C) →
∏
p∈P(k)
Br(Cp)
)
∼=ш(J ).
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Let C be a (geometrically irreducible nonsingular projective) curve defined over a field k and
let K = k(C). In this section, we give a condition for function fields K over global fields to be
tractable when C has a k-rational point.
Recall that a field k is tractable provided that, for every ai, bi ∈ k∗, i = 1,2,3, if (ai, bj /k) is
split for all i = j and (a1, b1/k) ∼= (a2, b2/k) ∼= (a3, b3/k), then (ai, bi/k) is split. Recall then
the following
Lemma 3.1.
(i) A global field k is tractable if and only if k has at most one dyadic prime spot.
(ii) If k is a nondyadic local field or a real closed field, then any field K of transcendence degree
1 over k is tractable.
Proof. See [CTW, Corollary 2.3 and Theorem 2.10]. 
For K = k(C), let α be the scalar extension map α : Br(k) → Br(K). A class [B] in Br(K) is
said to be a constant class if [B] = α([A]) for some [A] ∈ Br(k).
Lemma 3.2. Let C be a curve over a tractable field k and let K = k(C). If C(k) = ∅, then the
only possible intractable quaternion algebras over k are of nonconstant class in Br(C).
Proof. Assume that there exists an intractable quaternion algebra D over K . Since C contains a
k-rational point, it can be shown (see [H1, Proposition 2.8]) that the preimage of [D] is the class
of an intractable quaternion algebra over k. This implies that k is intractable, which is absurd. On
the other hand, if D is an intractable quaternion algebra over K , then D is everywhere unramified
(see [H1, Corollary 2.7]) and so [D] ∈ Brun(K) ∼= Br(C) (cf. (2)). 
Let k be a global field and C be a curve over k with C(k) = ∅. Let D denote the set of dyadic
prime spots of k. If k is tractable, then |D| 1 by Lemma 3.1(i). Note that if |D| 2, then k is
intractable by Lemma 3.1(i) again and so is K . This is due to the well-known fact that the scalar
extension map Br(k) → Br(K) is injective since C(k) = ∅. Now, when char(k) = 0, put
P(k)∗ = P(k) −D.
When char(k) = 0, put P(k)∗ = P(k).
Let ϕ∗ denote the canonical map
ϕ∗ : Br(C) −→
∏
p∈P(k)∗
Br(Cp). (10)
Obviously, we have ϕ∗ = ϕ if char(k) = 0. Analogously, we define (ϕK )∗ for ϕK in (5) and ψ∗
for ψ in (8) respectively. We denote ker(ψ∗) byш∗(J ).
In the following lemma, for an abelian group G we denote by 2G the 2-torsion subgroup of G.
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Then one has
2 ker(ϕK )∗ = 2 ker(ϕ∗) = 2ш∗(J ).
Proof. Since |D|  1, note that the map Br(k) → ⊕p∈P(k)∗ Br(kˆp) is still injective (cf. (4)).
Hence, the proof of Lemma 3.3 is essentially the same as for Propositions 2.1 and 2.2. 
We now want to describe when the function field K is tractable.
Theorem 3.4. Let k be a tractable global field and let C be a curve over k with C(k) = ∅. Let
K = k(C). If 2ш∗(J ) = 0, then K is tractable.
Proof. Assume that there exists an intractable quaternion algebra D over K . According to
Lemma 3.3, since
2 ker
[
Br(K) →
⊕
p∈P(k)∗
Br
(
kˆp(C)
)]∼= 2ш∗(J ) = 0,
D ⊗K kˆp(C) must be nonsplit for some p ∈ P(k)∗. Hence, for this nondyadic prime spot p,
D ⊗K kˆp(C) would become an intractable quaternion algebra over kˆp(C). This contradicts
Lemma 3.1(ii) since kˆp(C) is tractable for all p ∈ P(k)∗. This completes the proof. 
Birch and Swinnerton-Dyer (cf. [B-SD]) provided explicitly a large class of examples of el-
liptic curves J over Q such that 2ш(J ) = 0. Although 2ш∗(J ) could be slightly bigger than
2ш(J ), 2ш∗(J ) is still small and computable in certain cases of elliptic curves over Q. In the
next section, we give specific examples of curves C such that 2ш∗(J ) = 0; Theorem 3.4 shows
that the corresponding function field k(C) is tractable.
Before closing this section, we observe some cases when algebraic function fields in one
variable with genus zero (that is, function fields of projective conic curves) are tractable.
For a quaternion algebra Q over a global field k, we define the support of Q as follows:
supp(Q) = {p ∈ P(k) ∣∣Q ⊗k kˆp is nonsplit}.
Notice then that exactness of 2-torsion in (4) implies
Hilbert’s reciprocity law (3.5). Let k be a global field. For a quaternion algebra Q over k,
supp(Q) is finite with even cardinality. Conversely, given any finite subset S of P(k) with |S|
even, there exists a unique quaternion algebra Q over k with supp(Q) = S .
We denote by Q{p1,p2,...,p2n} the quaternion algebra (over k) with supports p1,p2, . . . ,p2n,
which is unique by Hilbert’s reciprocity law. This notation will be used later in Section 5.
Remark 3.6. If C is a projective conic curve over a tractable global k, then K = k(C) has the
form k(x,
√
ax2 + b) where a, b ∈ k∗. This K is determined by the quaternion algebra Q =
I. Han / Journal of Algebra 317 (2007) 796–812 803(a, b/k). Recall (cf. [Wa, Lemma 2.2]) that C has a rational point if and only if Q is split over k
if and only if K ∼= k(x). It was shown in [H2, Proposition 5.4 and Remark 5.10] that
2 ker(ϕK )∗ = ker(ϕK )∗ = 0
in the following two cases:
(i) When supp(Q) is empty, that is, Q is split. (This is subsumed, for any field k, under k
tractable k(x) is tractable. See [H1, Theorem 2.13].)
(ii) When supp(Q) contains only two prime spots one of which is dyadic. (From the above
assertion, the corresponding curve in this case has no k-rational point.)
Hence, K in these cases is tractable by the proof of Theorem 3.4 without using J . (For the cases
other than (i) and (ii), the function field K turns out to be intractable if the global ground field k
has at most one ordering. See [H1, Notes 4.16 and 4.17] for details.)
4. Tractable function fields over global fields with genus one
We now want to study under what circumstances elliptic and hyperelliptic function fields over
Q are tractable and provide specific examples. This section depends heavily on results in [Si].
Let k be a global field and let E be an elliptic curve over k. A ( principal) homogeneous space
for E/k is a smooth curve C/k together with a simply transitive algebraic group action of E
on C defined over k. Recall (cf. [Si, Proposition 3.2(a), p. 289]) that C is k-isomorphic to E,
and that C possesses a k-rational point if and only if C is k-isomorphic to E. Two homogeneous
spaces C/k and C′/k for E/k are said to be equivalent if there exists an isomorphism from C to
C′ over k which is compatible with the action of E on C and C′. The collection of equivalence
classes of homogeneous spaces for E/k is called Weil–Châtelet group for E/k, and is denoted
WC(E/k). There is a canonical isomorphism (see [Si, Theorem 3.6, p. 291])
WC(E/k) ∼−→ H 1(G,E) (11)
given by [an equivalence class of C] → [σ → σ(p0) − p0 | p0 is any point of C over k].
If C/k is a homogeneous space for an elliptic curve E/k, then there is a canonical isomor-
phism from Pic0(C) to E, that is, E is the Jacobian of C. The Shafarevich–Tate groupш(E) of
E over k (cf. (8)) can be described in terms of Weil–Châtelet groups as follows:
ш(E) = ker
(
WC(E/k) −→
∏
p∈P(k)
WC(E/kˆp)
)
.
This means that ш(E) is the set of (equivalence classes of) homogeneous spaces for E over k
which contain a kˆp-rational point for each p ∈ P(k).
Let E′ be another elliptic curve and let φ :E → E′ be a nonzero isogeny defined over k. For
G = Gal(k/k), there exists an exact sequence of G-modules
0 −→ E[φ] −→ E(k) φ−→ E′(k) −→ 0, (12)
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sequence yields the long exact cohomology sequence
0 −→ E(k)[φ] −→ E(k) φ−→ E′(k) −→ H 1(G,E[φ])−→ H 1(G,E) θ−→ H 1(G,E′) −→ · · · .
(13)
From this long exact sequence, one has the fundamental short exact sequence
0 −→ E′(k)/φ(E(k))−→ H 1(G,E[φ])−→ H 1(G,E)[φ] −→ 0. (14)
Here, H 1(G,E)[φ] denotes the kernel of the map θ in (13) induced by φ. Since Gp = Gal(kp/kˆp)
acts on E(kp) and E′(kp) for each p ∈ P(k), we obtain the local version of short exact sequence
of (14) by replacing k by kˆp. Using Weil–Châtelet groups (cf. (11)), one has the following com-
mutative diagram (see [Si, p. 297] for details)
0 E′(k)/φ(E(k)) H 1(G,E[φ]) WC(E/k)[φ] 0
0
∏
p∈P(k) E′(kˆp)/φ(E(kˆp))
∏
p∈P(k) H 1(Gp,E[φ])
∏
p∈P(k) WC(E/kˆp)[φ] 0.
(15)
Recall (cf. [Si, p. 297]) that the φ-Selmer group of E over k is defined by
Sφ(E) = ker
(
H 1
(
G,E[φ])−→ ∏
p∈P(k)
WC(E/kˆp)
)
.
We now consider slightly bigger kernels by dropping the dyadic prime spots out of P(k) in the
direct product as follows:
S
φ∗ (E) = ker
(
H 1
(
G,E[φ])−→ ∏
p∈P(k)∗
WC(E/kˆp)
)
,
ш∗(E) = ker
(
WC(E/k) −→
∏
p∈P(k)∗
WC(E/kˆp)
)
.
Then, combining (15) with these definitions and same diagram chasing, one obtains a commuta-
tive diagram with exact rows (see [Si, Theorem 4.2(a), p. 298] for the top sequence):
0 E′(k)/φ(E(k)) Sφ(E) ш(E)[φ] 0
0 E′(k)/φ(E(k)) Sφ∗ (E) ш∗(E)[φ] 0.
(16)
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respectively. We also have for E′ a commutative diagram with exact rows analogous to (16).
In what follows, we consider two elliptic curves over k
E: y2 = x3 + Dx and E′: y2 = x3 − 4Dx, (17)
where D ∈ k∗. There exist dual isogenies of degree 2 (cf. [Si, p. 302])
φ :E → E′ by (x, y) →
(
y2
x2
,
y(x2 − D)
x2
)
and
φ′ :E′ → E by (x, y) →
(
y2
4x2
,
y(x2 + 4D)
8x2
)
.
The compositions φ ◦ φ′ and φ′ ◦ φ are multiplication by 2 on E and E′ respectively. Since E
and E′ are isogenous, the rank of E, i.e., dimQ(E(k) ⊗Z Q), is the same as that of E′.
In order to compute the Selmer group of the curve E in (17), put
S = I ∪ {p ∈ P(k): p∣∣2D} (18)
where I is the set of archimedean prime spots of k (cf. [Si, p. 302]). Since φ :E → E′ is an
isogeny of degree 2, it follows that E[φ] ∼= μ2 and so
H 1
(
G,E[φ])∼= H 1(G,μ2) ∼= k∗/k∗2
where k∗2 is the multiplicative subgroup of squares in k∗.
If vp denotes the normalized discrete valuation at p, we define
k(S,2) = {d ∈ k∗/k∗2: vp(d) ≡ 0 (mod 2) for all p /∈ S}.
For each d ∈ k(S,2), there corresponds Cd ∈ WC(E/k)[φ] under the map k∗/k∗2 →
WC(E/k)[φ]. (More precisely, from (14), we have k∗/k∗2 ∼= H 1(G,E[φ]) → H 1(G,E)[φ] ∼=
WC(E/k)[φ].) Here Cd is the homogeneous space for E in (17) over k given by the equation
(cf. [Si, p. 293])
Cd :dY
2 = −4DX4 + d2. (19)
Then Sφ(E) and Sφ∗ (E) can be described as follows:
Sφ(E) = {d ∈ k(S,2): Cd(kˆp) = ∅ for all p ∈ S} (cf. [Si, p. 302]),
and
S
φ∗ (E) =
{
d ∈ k(S,2): Cd(kˆp) = ∅ for all p ∈ S −D
}
.
Hence, Sφ∗ (E) = Sφ(E) if and only if, for each d ∈ k(S,2), whenever Cd(kˆq) = ∅ for some
q ∈ S , then Cd(kˆp) = ∅ for some p ∈ S −D.
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2ш(E) = 2ш(E′) = 0. If further Sφ(E) = Sφ∗ (E) and Sφ′(E′) = Sφ
′
∗ (E′), then
2ш∗(E) = 2ш∗(E′) = 0.
Proof. Let Φ :ш(E) →ш(E′) and Φ ′ :ш(E′) →ш(E) be the maps induced by φ and φ′
respectively. Note then that the sequence
0 → ker(Φ) → ker(Φ ′ ◦ Φ) → ker(Φ ′)
is exact. Since φ′ ◦ φ is multiplication by 2 (and so is Φ ′ ◦ Φ), it follows that ker(Φ ′ ◦ Φ) =
2ш(E). Further, since ker(Φ) =ш(E)[φ] and ker(Φ ′) =ш(E′)[φ′], one obtains a commutative
diagram with exact rows:
0 ш(E)[φ] 2ш(E) ш(E′)[φ′]
0 ш∗(E)[φ] 2ш∗(E) ш∗(E′)[φ′].
(20)
Since it is assumed that Sφ(E) = Sφ∗ (E) and Sφ′(E′) = Sφ
′
∗ (E′), one hasш(E)[φ] =ш∗(E)[φ]
and ш(E′)[φ′] =ш∗(E′)[φ′] respectively from (16) and the analogous diagram to (16) with
the roles of E and E′ reversed. Since 2ш(E) = 2ш(E′) = 0, it is obvious that ш(E)[φ] =
ш(E′)[φ′] = 0 and so ш∗(E)[φ] =ш∗(E′)[φ′] = 0. It is then immediate that 2ш∗(E) = 0
from the bottom exact sequence in (20). Likewise, by symmetry between E and E′, we have
2ш∗(E′) = 0. 
In [B-SD], many examples of elliptic curves E and E′ are provided in which 2ш(E) =
2ш(E′) = 0 as in the hypothesis of Proposition 4.1.
For the curve E in (17), it is known (see [Hu, Proposition 5.6, p. 95]) that there is a group
homomorphism
α :E(k) → k∗/k∗2 (21)
defined by
α(P ) =
⎧⎨⎩
1 (mod k∗2) if P = O (the point at infinity),
D (mod k∗2) if P = (0,0),
x (mod k∗2) if P = (x, y) with x = 0.
Observing H 1(G,E[φ]) ∼= k∗/k∗2, one can check that the map α in (21) coincides with the
connecting homomorphism induced by the map φ′ :E′(k) → E(k) (as in (12) with the roles of
E and E′ reversed). Moreover, from the exact sequence E′(k) φ
′−→ E(k) α−→ k∗/k∗2, we have
α
(
E(k)
)∼= E(k)/ker(α) ∼= E(k)/φ(E′(k)). (22)
We restrict our attention to k = Q for the rest of this section.
I. Han / Journal of Algebra 317 (2007) 796–812 807Lemma 4.2. Let p be a prime with p ≡ 3, 5, or 13 (mod 16). Let E/Q be the elliptic curve of
the form E: y2 = x3 + px and let φ :E → E′ be the isogeny of degree 2 as above. Then
(i) Sφ(E) ∼= Z/2Z ⊕ Z/2Z.
(ii) Sφ′(E′) ∼= Z/2Z.
(iii) rank(E) + dim2(2ш(E)) = 1.
Proof. See [Si, Proposition 6.2, p. 311]. 
Notice that a homogeneous space C/Q for E/Q lies in the trivial class iff C contains a Q-
rational point iff C is Q-isomorphic to E. Since E is the Jacobian J of C, it follows from
Theorem 3.4 that if 2ш∗(E) = 0, then Q(E) is tractable.
The following theorem provides specific examples of tractable elliptic function fields over Q.
Theorem 4.3. Let p be a prime with p ≡ 3,5, or 13 (mod 16). Let E/Q be the elliptic curve of
the form E: y2 = x3 + px. If E(Q) has rank 1, then the function fields
Q(E) = Q(x,√x3 + px) and Q(E′) = Q(x,√x3 − 4px)
are tractable.
Remark 4.4. The curve E as above has rank 1, for instance with p < 100, if p = 3, 5, 13, 19,
29, 37, 53, 61, 67, 83 (cf. [B-SD, p. 25]).
Proof. Let φ :E → E′ and φ′ :E′ → E be the (dual) isogenies of degree 2 as above. We want to
show that
Sφ(E) = Sφ∗ (E), Sφ′(E′) = Sφ
′
∗ (E′) and 2ш(E) = 2ш(E′) = 0.
This implies from Proposition 4.1 that 2ш∗(E) = 0 and therefore Q(E) is tractable by Theo-
rem 3.4.
Now, using (18), we have S = {2,p,∞} and thus Q(S,2) = {±1,±2,±p,±2p} (as coset
representatives). Since Cd(R) = ∅, it follows from the definitions of Sφ(E) and Sφ∗ (E) that for
d ∈ Q(S,2),
d ∈ Sφ(E) iff Cd(Q̂2) = ∅ and Cd(Q̂p) = ∅;
d ∈ Sφ∗ (E) iff Cd(Q̂p) = ∅.
For d = 2, we now show that the curve C2 :Y 2 = −2pX4 + 2 contains no Q̂p-rational point.
To see this, suppose that (r, s) ∈ C2(Q̂p). Then necessarily r, s ∈ Ẑp with s2 ≡ 2 (mod p).
This equation is solvable iff ( 2
p
) = 1, where ( 2
p
) is the Legendre symbol, iff p ≡ 1,7 (mod 8).
Therefore, for the given p, we have C2(Q̂p) = ∅ and so 2 /∈ Sφ∗ (E) ⊇ Sφ(E). Since Sφ∗ (E)
is thus a proper subgroup of Q(S,2) and |Q(S,2)| = 8, it follows from Lemma 4.2(i) that
Sφ(E) = Sφ∗ (E).
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pX4 + d2 obviously contains no R-rational point and thus d /∈ Sφ′(E′). Furthermore, we claim
that 2 /∈ Sφ′∗ (E′). For this, suppose that (r, s) ∈ C′2(Q̂p). Then we have r, s ∈ Ẑp such that 2Y 2 =
pX4 +4. Replacing Y by Y2 and multiplying through the equation by 2, we have Y 2 = 2pX4 +8.
Similar to the preceding paragraph, the equation Y 2 ≡ 8 (mod p) has no solution over Z/pZ
whenever p ≡ 3,5 (mod 8). Therefore, Sφ′(E′) = Sφ′∗ (E′) since |Sφ′(E′)| = 2 by Lemma 4.2(ii).
Finally, since the curve E is assumed to have rank 1, we have 2ш(E) = 0 by Lemma 4.2(iii).
On the other hand, since α(0,0) = p /∈ Q∗2, E(Q)/φ′(E′(Q)) must be nontrivial (cf. (22)). Since
∣∣E(Q)/φ′(E′(Q))∣∣ 2 = ∣∣Sφ′(E′)∣∣,
it follows from the top sequence in (16) (with the roles of E and E′ reversed) thatш(E′)[φ′] = 0.
In addition, notice thatш(E)[φ] = 0 as 2ш(E) = 0. Hence, we have 2ш(E′) = 0 from the top
sequence in (20) with E and E′ reversed. This completes the proof. 
Remark 4.5. If p ≡ 11 (mod 16), then it was shown in [Si, p. 313] that C−2(Q̂p) = ∅ but
C−2(Q̂2) = ∅. This tells us that Sφ(E) = Sφ∗ (E) since −2 ∈ Sφ∗ (E) but −2 /∈ Sφ(E).
Associated to the elliptic curves E and E′ in (17), as was pointed out earlier in (19), the
corresponding homogeneous spaces Cd ∈ WC(E/k) and C′d ∈ WC(E′/k) are given by
Cd : dY
2 = −4DX4 + d2 and C′d : dY 2 = 16DX4 + d2
respectively. (Alternatively, we can take C′d :dY 2 = DX4 + d2 for the sake of convenience since
we are free to replace X by X2 .) With D = p as in Theorem 4.3, suppose that Cd has a Q-rational
point. Then Q(Cd) is the tractable function field of a quartic curve since Q(Cd) ∼= Q(E). Finally,
it should be pointed out that although Cd contains a Q-rational point, C′d may not (and vice
versa). For example, let p = 3 and d = −2. The curve C−2: Y 2 = 6X4 − 2 contains rational
points (±1,±2), but obviously the curve C′−2: Y 2 = −24X4 − 2 does not.
5. Intractable function fields over global fields
In this section, we give examples of intractable function fields of any even genus and then of
genus one. In order to produce such examples, we will use the following easy observation.
Lemma 5.1. Let k be an intractable field and let D be an intractable quaternion algebra over k.
If K is any extension field of k such that D ⊗k K is nonsplit, then D ⊗k K is an intractable
quaternion algebra over k and hence K is intractable.
Remark 5.2. Let k be any intractable field and K = k(C) where C has a (nonsingular) k-rational
point. As mentioned in the paragraph right after Lemma 3.2, since the scalar extension map
Br(k) → Br(K) is injective, K is intractable by Lemma 5.1. On the other hand, it can happen
when C has no rational points that k is intractable but K is tractable. For such examples, see [H1,
Example 4.6] for k a local field, and [H1, Theorem 4.18] for k a global field.
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we take a tractable global field k. By utilizing the results on tractability of function fields K0 of
conic curves over k, we construct intractable function fields of arbitrary even genus. Recall that
K0 is of the form K0 = k(x,
√
ax2 + b) where a, b ∈ k∗, and that K0 is uniquely determined up
to isomorphism by the quaternion algebra (a, b/k). In addition, according to Lemma 3.1(i), an
algebraic number field k is tractable if and only if k has only one dyadic prime spot.
Recall the following proposition from [H1, Proposition 4.12].
Proposition 5.3. Let k be a tractable global field and let Q = (a, b/k) be a quaternion algebra
over k such that supp(Q) contains a nondyadic finite prime spot p. Let K0 = k(x,
√
ax2 + b).
Suppose that there exists a quaternion division algebra Q′ over k with Q′ ∼= Q such that
(i) supp(Q′) = {p,q} if char(k) = 0;
(ii) supp(Q′) = {p,d} if char(k) = 0,
where q ∈ supp(Q) and d is the dyadic spot, then Q′ ⊗k K0 is an intractable quaternion algebra
over K0 and therefore K0 is not tractable.
For any field k, let K = k(x,√af 2 + bg2) where x is transcendental over k and a, b ∈ k∗, and
f,g ∈ k[x] are relatively prime such that max(deg(f ),deg(g)) > 0. Since f/g is transcendental
over k, we have
K0 = k
(
x,
√
ax2 + b)∼= k(f
g
,
√
a
(
f
g
)2
+ b
)
⊆ K.
In other words, there is an injection of fields K0 → K . This map induces a Brauer group map
Br(K0) → Br(K). We denote the relative Brauer group ker(Br(k) → Br(K)) by Br(K/k).
Lemma 5.4. Let k be any field and let Q = (a, b/k) be a quaternion division algebra over k.
Let K = k(x,√af 2 + bg2) with f and g as above. Suppose further that max(deg(f ),deg(g)) is
odd. Then, Br(K/k) = {0, [Q]}.
Proof. This follows easily from the facts that Br(K0/k) = {0, [Q]} and that Br(K/k) =
Br(K0/k) since Br(K/k) is 2-torsion and [K : K0] = max(deg(f ),deg(g)), which is odd. See
[H3, Proposition 2.9] for details. 
Suppose that deg(af 2 +bg2) = n where f and g are as above. Recall (cf. [St, Example III.7.6,
p. 113]) that the function field K has genus n−12 when n is odd and n−22 when n is even. Propo-
sition 5.3 and Lemma 5.4 provide the following proposition:
Proposition 5.5. Let k be a tractable global field (so |D| 1). Suppose that Q = (a, b/k) is a
quaternion division algebra over k. Let K = k(x,√af 2 + bg2), where f,g ∈ k[x] are relatively
prime such that max(deg(f ),deg(g)) = 2n + 1, n ∈ N ∪ {0}, then K has genus 2n and is not
tractable in the following cases:
(i) char(k) = 0 and | supp(Q)| 4;
(ii) char(k) = 0, supp(Q) contains a nondyadic finite prime spot p, and supp(Q) = {p} ∪D.
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never 0. For, otherwise, we would have b ≡ −a (mod k∗2). However, this cannot happen since
Q = (a, b/k) is nonsplit. Thus, we must have deg(af 2 + bg2) = 4n+ 2. Hence, the genus is 2n.
Next, from the cases given in the proposition, Proposition 5.3 asserts that there exists a quater-
nion division algebra Q′(∼= Q) over k such that Q′ ⊗k K0 is an intractable quaternion algebra
over K0. Since Br(K/k) = {0, [Q]} by Lemma 5.4, Q′ ⊗k K is an intractable quaternion algebra
over K as well and therefore K is intractable. 
Example 5.6. Let Q = (−1,−p/Q) where p is an odd prime number with p ≡ 3 (mod 4).
Let K = Q(x,√−f 2 − pg2) with f,g as in Proposition 5.5. Then it can be checked that
supp(Q) = {p,∞}. Thus, K is not tractable by Proposition 5.5(ii). In fact, D := (2,−p/K)
is an intractable quaternion algebra over K with supp(2,−p/Q) = {2,p} and the corresponding
intractable family is (D;2,−p,−1,−1,−p,2).
It is natural to ask how to construct intractable function fields of this type with odd genus, that
is,
max
(
deg(f ),deg(g)
)= 2n, n ∈ N,
with f,g as in Proposition 5.5. For this, we will give such examples with genus 1.
Let C be a hyperelliptic curve of the form
C: Y 2 = aX4 + b, a, b ∈ k∗. (23)
As (19) above shows, notice that C = Cb for the elliptic curve
E: y2 = x3 − 4abx.
Hence, E is the Jacobian of C.
The following proposition (see [H3, Theorem 3.4] for its proof) allows us to construct in-
tractable function fields with genus 1. For convenience, we write x for x (mod k∗2).
Proposition 5.7. Let C be the hyperelliptic curve of the form in (23) and let K = k(C) be the
function field. Then
Br(K/k) = {[(a, x/k)] ∣∣ x ∈ im(α)},
where α :E(k) → k∗/k∗2 is the map in (21).
For the Q and Q′ in Proposition 5.3, if Q′ ⊗k K is nonsplit, then K is intractable by
Lemma 5.1 and Proposition 5.3. In particular, if Br(K/k) = {0, [Q]}, then Q′ ⊗k K is nonsplit
and thus K is intractable. In [H3, Section 4], the relative Brauer groups Br(K/Q) were explicitly
determined in numerous cases.
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K = Q(x,√−x4 − p). As we have seen in Example 5.6, supp(Q) = {p,∞}. In this case, we
have only two possibilities (see [H3, Proposition 4.4(ii)]):
Br(K/Q) = {0, [Q]} or {0, [Q{2,∞}], [Q{2,p}], [Q]},
where Q{p,q} denotes the quaternion algebra over Q with support p,q (cf. (3.5)). Notice
here that Q{2,∞} ∼= (−1,−1/Q) and Q{2,p} ∼= (−1,p/Q). More specifically, if p = 7, then
Br(K/Q) = {0, [Q]} and hence K is intractable. Furthermore, D := (2,−p/K) is an intractable
quaternion algebra over K with supp(2,−p/Q) = {2,p} and the corresponding intractable fam-
ily is (D;2,−p,−1,−1,−p,2).
Example 5.9. Let Q = (−17,−5/Q) and K = Q(t,√−17x4 − 5). It can easily be checked that
supp(Q) = {2,5,17,∞}. The Jacobian of the curve corresponding to K has the form E :y2 =
x3 − 4 · 5 · 17x and contains integral points (−4,36) and (85,765). It turns out that these points
suffice to describe the relative Brauer group (see [H3, Proposition 4.12]). We have
Br(K/Q) = {0, [(−17,−4/Q)], [(−17,85/Q)], [Q]},
where supp(−17,−4/Q) = {2,∞} and supp(−17,85/Q) = {5,17}. As in Proposition 5.3, take
the quaternion algebra Q′ over Q such that supp(Q′) = {2,5} (i.e., Q′ ∼= (2,5/Q)) for example.
Then D := Q′ ⊗Q K is an intractable quaternion algebra over K and so K is intractable.
Remark 5.10. The candidates of intractable quaternion algebras over Q as above could be split
in K . In Example 5.8, if p = 3, then
Br(K/Q) = {0, [Q{2,∞}], [Q{2,p}], [Q]}.
Another interesting example is as follows: Let Q = (−5,−13/Q) and K = Q(t,√−5t4 − 13).
Then supp(Q) = {2,5,13,∞} and
Br(K/Q) = 〈[(−5,−1/Q)], [(−5,−10/Q)], [Q]〉∼= Z/2Z ⊕ Z/2Z ⊕ Z/2Z.
Here, supp(−5,−1/Q) = {2,∞} and supp(−5,−10/Q) = {5,∞}. It remains open whether the
fields K are tractable in these cases.
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